abstract: Let (T (t)) t≥0 be a C 0 semigroup of bounded linear operators on a Banach space X and denote its generator by A. A fundamental problem to decide whether the Drazin spectrum of each operator T (t) can be obtained from the Drazin spectrum of A. In particular, one hopes that the Drazin Spectral Mapping Theorem holds, i.e., e tσ D (A) = σ D (T (t))\{0} for all t ≥ 0.
Introduction
Throughout this work, X denotes a complex Banach space and B(X) denotes the Banach algebra of all bounded linear operators on X. Let A be a closed operator with domain D(A), we denote by R(A), N (A), ρ(A), σ(A), σ r (T ) and σ p (A) respectively the range, the kernel, the resolvent set, the spectrum, the residual spectrum and the point spectrum of A. The ascent of A is defined by a(A) = min{p : N (A p ) = N (A p+1 )}, if no such p exists, we let a(A) = ∞ . Similarly, the descent of A is d(A) = min{q : R(A q ) = R(A q+1 )}, if no such q exists, we let d(A) = ∞ (see [7] and [8] ). It is well known that if A is bounded, and if both a(A) and d(A) are finite then a(A) = d(A) and therefore we have the decomposition X = R(A p ) ⊕ N (A p ) where p = a(A) = d(A). The descend and ascent spectrum are defined by σ desc (A) = {λ ∈ C : d(λ − A) = ∞} and σ asc (A) = {λ ∈ C : a(λ − A) = ∞}. Recall that A is a Drazin invertible if p = a(A) = d(A) < ∞ and R(A p ) is closed. The Drazin spectrum is defined by σ D (A) = {λ ∈ C : λ − A not Drazin inversible }.
A strongly continuous semigroup (T (t)) t≥0 is called eventually norm continuous, if there exists t 0 ≥ 0 such that the function t → T (t) is norm continuous from (t 0 , ∞) into B(X). Let ∆ = {z ∈ C : α 1 < arg z < α 2 } and for z ∈ ∆ let T (z) be a bounded linear operator. The family (T (z)) z∈∆ is an analytic semigroup in ∆ if
(ii) T (0) = I and lim T (z)x = x for every x ∈ X. 
A semigroup (T (t)) t≥0 will be called analytic if it is analytic in some sector ∆ containing the nonnegative real axis.
A strongly continuous semigroup (T (t)) t≥0 on a Banach space X is called eventually differentiable if there exists t 0 ≥ 0 such that the orbit maps ξ x : t → T (t)x are differentiable on (t 0 , ∞) for every x ∈ X. The semigroup is called eventually compact, if there exists t 0 > 0 such that T (t 0 ) is compact.
Let (T (t)) t≥0 be a C 0 -semigroup on X with infinitesimal generator A. We introduce the following operator acting on X and depending on the parameters λ ∈ C and t ≥ 0,
It is well known (see [5] and [10] ) that B λ (t) is a bounded linear operator on X. Furthermore, for all n ∈ N, we have
(See [4] ). In [9] , Rainer Nagel and Jan Poland showed that, for an eventually norm continuous semigroup (T (t)) t≥0 with generator A one has e tσ(A) = σ(T (t))\{0} for all t ≥ 0. Rainer Nagel in [5] proved for the generator A of a strongly continuous semigroup (T (t)) t≥0 on a Banach space X, we have the identities: e tσp(A) = σ p (T (t))\{0} and e tσr (A) = σ r (T (t))\{0} for all t ≥ 0. These works push to ask the following question: Does this spectral inclusion hold for the other parts of spectrum? In this work, we show that this spectral mapping theorem of C 0 -semigroups eventually norm continuous holds for Drazin spectrum.
Main results
We start by the following lemmas.
2. The operators λ − A, F λ (t), G λ (t) and B λ (t) are are mutually commuting.
Proof:
1. For every λ ∈ C and t ≥ 0, let F λ (t)x = t 0 e −λs B λ (s)xds. F λ (t) is a bounded linear operator on X. Moreover for every x ∈ X, we have
2. For all t ≥ 0, F λ (t) and B λ (t) commuting. Indeed, for t, s ≥ 0 we have
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For all x ∈ D(A) we have
For all λ ∈ C, t > 0 and n ∈ N, there exists H n (t), L n (t) ∈ B(X) such that
n , H n (t), L n (t) and B n λ (t) are mutually commuting.
Proof: According to lemma 1 there exists tow bounded operators F λ (t) and G λ (t) such that (λ − A)F λ (t) + G λ (t)B λ (t) = I. For i ∈ {1, ..., n − 1} and x ∈ X, we have
Proof: Suppose that R(e λt −T (t)) p is closed. Let y n = (λ−A) p x n be a convergent sequence with limit y ∈ X. From lemma 2, there exists
We have the following theorem.
Theorem 2.4. Let (T (t)) t≥0 a C 0 -semigroup on X with infinitesimal generator A. Then For all t ≥ 0, e tσ desc (A) ⊆ σ desc (T (t))\{0} and e tσasc(A) ⊆ σ asc (T (t))\{0}
Proof: If e λt − T (t) has finite descent, then there exists n ∈ N such that R(e λt − T (t)) n = R(e λt − T (t)) n+1 , from lemma 3, there exist two operators H n (t) and .iv] we have, σ(A) = iZ, then e tσ(A) is at most countable, therefore e tσasc(A) and e tσ desc (A) are also. The spectra of the operators T (t) are always contained in Γ = {z ∈ C : |z| = 1} and contain the eigenvalues e ikt for k ∈ Z. Since σ(T (t)) is closed, it follows from [5, Theorem IV.3.16] below, that σ(T (t)) = Γ whenever t/2π / ∈ Q, then σ(T (t)) is not countable, from [2, Corollary 2.10] and [3, Corollary 1.8], σ asc (T (t)) and σ desc (T (t)) are also. Therefore the inclusions of the preceding theorem are strict.
Proof: If e λt − T (t) is invertible Drazin, then e λt − T (t) has finite ascent and descnt p, therefore R(e λt − T (t)) p is closed. By lemma 3 and theorem 1, λ − A is invertible Drazin. ✷ Remark 2.7. The inclusion of the preceding corollary is strict. Indeed, from remark 1, e tσD (A) is at most countable, on the other hand σ D (T (t)) is not countable. Proof: Let λ be a complex number such that λ − A has finite ascent and descent p such that R(λ − A) p is closed. According to [8, Lemma 3.4] and [8, Lemma 3.5] , there is δ > 0 such that, for every µ ∈ C with 0 < |λ − µ| < δ, the operator µ − A is bijective, by [9, Corollary 3.3] , for every µ ∈ C with 0 < |µ − λ| < δ, e µt − T (t) is bijective, from open mapping theorem e λt is isolated in σ(T (t)). By [1, Theorem 3.81], we have e λt is a pole of the resolvent of T (t). Using [7, Theorem V.10 .1], we obtain e λt − T (t) has a finite ascent and descent, moreover e λt − T (t) is Drazin inversible. ✷ Example 2.9. On X := C 0 (Ω) take the multiplication operator M q f (λ) = q(λ)f (λ) for λ ∈ Ω, f ∈ X. From [5, Proposition I.4.2] we obtain that σ(M ) = q(Ω) and σ p (M ) = {λ ∈ C : λ is isolated in Ω}. On for some continuous function q : Ω → C, if sup s∈Ω Re(q(s)) < ∞, then T q (t)f := e tq f defines a strongly continuous semigroup (see [5, Proposition I.4.5] ). Suppose that Ω = {λ ∈ C : Re(λ) ≤ 1 and −1 ≤ Im(λ) ≤ 1} and for all λ ∈ Ω, q(λ) = λ. Then σ(M ) = Ω and σ p (M ) = ∅, by [7, Theorem 5 .41-C], we have σ(M ) = σ desc (M ) ∪ σ p (M ) = σ desc (M ), then σ D (M ) = Ω. Furthermore q(Ω) ∩ {λ ∈ C : Re(λ) ≥ b} is bounded for every b ∈ R, from [5, Theorem II. 4 .32], (T q (t)) t≥0 is eventually norm-continuous. By theorem 2, for t > 0, we have σ D (T (t)) = {e tλ : λ ∈ Ω} ∪ {0}.
